Abstract. Applying a strong enough magnetic field results in the binding of few electrons resonant states. The mechanism was proposed many years ago but its verification in laboratory conditions is far more recent. In this work we study the binding of two-electron resonant states. The electrons are confined in a cylindrical quantum dot which is embedded in a semiconductor wire. The geometry considered is similar to the one used in actual experimental setups. The low energy two-electron spectrum is calculated numerically from an effective mass approximation Hamiltonian modelling the system. Methods for binding thresholds calculations in systems with oneand two-electrons are thoroughly studied, in particular, we use quantum information quantities to asses when the strong lateral confinement approximation can be used to obtain reliable low-energy spectra. For reasons of simplicity, only cases without bound states in the absence of external field are consider. Under this conditions, the binding threshold for the one-electron case is given by the lowest Landau energy level. Moreover, the energy of the one-electron bounded resonance can be used to obtain the two-electron binding threshold. It is shown that for realistic values of the two-electron model parameters it is feasible to bind resonances with field strengths of few tens of Teslas.
A c c e p t e d M a n u s c r i p t
Introduction
The manifold role that semiconductor nano-structures play in today Physics include, among others, to be a test bed to check basic tenets of Quantum Mechanics. The Aharonov-Bohm effect has been verified measuring oscillatory persistent currents in different settings [1] , but the ability to charge semiconductor nano-structures with few electrons put the experiment in semiconductor rings close to the requirements of the gedanken experiment situation [2] , moreover this effect can be observed using electrons, holes or neutral excitons [3] . Indeed, the fact that there is no limitation in the number of electrons charging a given nano-structure, together with interferometric techniques, are the main elements that enable the control of solid-state flying qubits [4] . Also, the interference between two indistinguishable electrons is possible in these setups [5] . Additionally it has been proposed an experiment to test Bell's inequality using ballistic electrons in semiconductor nano-wires [6] . All these works are motivated by the promise of implementing Quantum Information Processing in solid-state setting. Many of these settings involve transport measurements across the sample that may include quantum dots or heterostructures. In both cases, basic quantum processes such as capture or emission of carriers and metastable states play a key role in understanding the measured current [7] .
Condensed matter physics is another area that has been boosted by the possibility to observe different semiconductor phenomena in nano-structures such as the fractional Quantum Hall effect, the BCS-BEC crossover in semiconductor electron-hole bilayers [8] , or Wigner crystallisation [9] . It is worth to mention that, any list of new semiconductor physics is incomplete since our understanding of low dimensional phenomena is influenced by what can be done in semiconductors.
In many cases, the phenomena mentioned above are put in evidence once an external magnetic field is applied. For example, the magnetic field is capable of shaping the electronic wave function in InAs quantum dot [10] . Nazmitdinov et al. showed that a given magnetic field induce shape transitions with symmetry changes in excited states of two-electron quantum dots [11] , these transitions are also manifested as changes in an entanglement measure. Relatively small magnetic field strengths also modify the spectrum of excitons and electrons trapped in nano-wires [12, 13] . These effects are owed to two reasons. First, the small or very small effective mass of the electrons in most semiconductors leads to Landau levels radius at nanometer size with magnetic field strengths around tens of Teslas, therefor making possible to probe structures with characteristic length scales in the nanometer region. Second, the energy scale of electrons confined in a given structure is usually on the order of the tens of meV which, again, agrees with the energy scale of the Landau levels.
The stabilisation of metastable states due to the presence of magnetic fields was first analysed by Avron, Herbst and Simon [14] , where they argued about the existence of negative Helium ions, a fact that was numerically tested very recently [15] . In atomiclike systems the field strengths necessary to show that the width of a resonance is zero are 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field3 about 10
5 Teslas [16] . Having this in mind, it is natural to ask if laboratory attainable magnetic fields strengths can bind few-electron resonant states in nano-devices. As early as in 1989, Sikorski et al. [17] found that the energies of electronic states in InSb quantum dots effectively depend on the magnetic field strength, but their study was restricted to low lying energy states of very deep quantum dots. This is remarkable, since the first clear evidence of discrete electronic states in semiconductor nanostructures was found a year earlier by Reed and co-workers [18] .
The theoretical efforts to understand the phenomenon followed suit, Buczko and Bassani analysed the bound and resonant states of spherical GaAs/Ga 1−x Al x As quantum dots [19] , then Bylicki and W. Jaskólski [20] analysed the binding of oneelectron resonances in a semiconductor quantum dot model. They found that the width of shape resonances were non-increasing functions of the magnetic field strength and that for large enough values the width become null. Resonance states of twoelectron systems, without magnetic fields, were analysed in quantum dot [21] and atomic systems [22] . Also, the two-electron quasi-one-dimensional system was studied using entanglement quantities [23] . Sajeev and Moiseyev [24] demonstrated that the lifetime of resonance states of two-electron spherical quantum dots can be controlled by varying the confinement strength, Genkin and Lindroth reported that such control can be compromised by Coulomb impurities [25] . More recently, Ramos and Osenda [26] analysed the resonance states of one-electron cylindrical quantum dots with magnetic field using the fidelity and the localisation probability, i.e., the probability that the electron is inside the potential well, to characterise the binding phenomenon.
It is well known that the binding of resonance states of two-electron quantum dots is harder to analyse than the one-electron problem, the main reason is the long-range and strength of the Coulomb repulsion between the electrons. Moreover, the system has a number of parameters that are all of significant importance, like the effective mass, characteristic lengths (whose number depends on the geometry of the quantum dot), the materials chosen to form the structure, strength of the magnetic field, among others. The magnetic field imposes an azimuthal symmetry, and assuming that the whole system has this symmetry leads, in many cases, to a simplified problem.
In this work we study the binding of resonance states of a two-electron cylindrical quantum dot embedded in a wire. In particular, we consider systems where the symmetry axis of the quantum dot, the wire and the magnetic field are collinear. We start with the well known one-electron case and we show that the problem can be treated using a modified strong-lateral-confinement approach and addressing the transversal problem in different ways it is possible to retrieve the binding (localisation) threshold with great accuracy and minimal effort. The strong lateral confinement approach presupposes that for certain few-electrons problems an approximate wave function can be constructed as the product of two functions [27] , one that depends on the lateral (or radial) coordinates and other that depends on the longitudinal one. The accuracy of the coordinate disentanglement ansatz can be tested when the full three dimensional wave function is available. The disentanglement for the one electron problem is studied Page 3 of 22  AUTHOR SUBMITTED MANUSCRIPT -JPHYSB-104148.R1   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t using the von Neumann and purity of the reduced density matrices obtained tracing a coordinate from the full one-electron density matrix operator. This study provides a good understanding of the scenarios where the approximation better works. Later on, we study the two-electron problem using the modified strong lateral confinement approximation proposed for the one-electron problem and present a thorough analysis of the binding scenarios. We also show that the von Neumann entropy and the purity provide useful information to analyse the confinement of resonances. Finally, we discuss the actual implementation of an experiment setup, similar to the studied experimentally by Barettin et al.. [28] . The paper is organised as follows: In Section 2 the strong lateral confinement approximation is presented. In Section 3 the one-electron problem in three dimensions is analysed and we compare the three-dimensional results with the calculations using the strong lateral confinement approach. In Section 4 we propose a modified lateral confinement approximation. The Section 5 is devoted to the study of the two-electron problem in the modified lateral confinement approximation. Finally we discuss our findings and discuss about its implementation in actual experimental setups in Section 6.
Model and strong lateral confinement scenario
In what follows, we consider a two-electron cylindrical quantum dot, whose Hamiltonian is written in a single band effective mass approximation. The electrons are confined by a one-particle potential V (r) and a constant magnetic field is applied along the axis of the quantum dot. Using the symmetrical gauge, the two-particle Hamiltonian is
where W (1, 2) is the interaction between the electrons, and
is the one-particle Hamiltonian in cylindrical coordinates, m ⋆ e is the effective mass of the electron, ω = eB/2m ⋆ e c is the Larmor frequency, and we have put explicitly that the confining potential only depends on two coordinates: ρ and z. The spectrum of the Hamiltonian is obtained solving the eigenvalue equation
The one-electron Hamiltonian commutes with the angular momentum along the z-axis L z , this means that the eigenvalues of this operator are good quantum numbers to label the one-electron Hamiltonian eigenfunctions. The same is true for the eigenfunctions of the two-electron Hamiltonian if the interaction between the electrons depends only on the interparticle distance. In this work, we focus on states with zero angular momentum along the z-axis for each electron.
The antisymmetry property of the two-electron system require that the two-electron wave function be antisymmetric under the exchange of the particle, i.e. A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field5 where Ψ S A (1, 2) is the symmetric (S) or antisymmetric (A) spatial wave function and χsing trip is the singlet or triplet spin configuration. Since in bound two-electron systems the lowest eigenvalue corresponds to a singlet state, in this work we analyse symmetrical wave functions Ψ(1, 2), and drop the subindex S.
Following Bednarek [29] , is reasonable to assume that the two-electron wave function, Ψ(1, 2), can be written as
i.e. it is being assumed that the total wave function is separable in longitudinal and transversal coordinates. Afterwards, is it possible to obtain an effective one-dimensional two-particle Hamiltonian by introducing the ansatz Eq. (5) in Eq. (3) and integrating over the transversal coordinates ρ and ϕ, resulting in
Some remarks are worthy to mention. First, once the separability assumption is made, the effective problem, Eq. (6), can be solved using different approaches. Two, the solution in Eq. (5) can be thought as a variational trial function, so the lowest eigenvalue of Eq. (6) is an upper bound for the ground state energy. Third, the oneparticle effective Hamiltonians are tractable with a host of different choices for the transversal function, regrettably, the interaction term is more involved. Bednarek et al. chose as the transversal function the product of the ground state wave functions of two harmonic oscillators, R ⊥ = φ 0 (ρ 1 )φ 0 (ρ 2 ), which leads to an analytical expression for the effective Coulomb interaction, for details see [29] .
So far, we have made no explicit choice of the one-particle confining potential since, up to this point, the analysis does not depend on its particular shape. In Section 3 we restrict our analysis to a particular potential and consider the one-electron problem only.
One-electron problem
Here, and in what follows, we consider the confining potential given by
i.e., is a cylindrical potential well of length a z , radius a ρ and depth −V 0 limited by two infinite plane slabs of height V 1 that are perpendicular to the cylinder axis. The width of both slabs is b z /2. Figure 1 shows the schematic structure which generates the potential given in Eq. (7). For adequately chosen parameters the one-electron problem has no bound states for B = 0, this means that the spectrum of the one-electron Hamiltonian is continuous and all the eigenfunctions are extended ones. However there might be isolated eigenvalues embedded in the continuous spectrum that correspond to localised eigenfunctions with outgoing boundary conditions which are called resonant A c c e p t e d M a n u s c r i p t B Figure 1 . Schematic structure of the cylindrical quantum dot (white cylinder). The blue parallelepipeds are two slabs made of a semiconductor different from the one from which the quantum dot is made of. The grey shaded areas represent the confining effect of the applied magnetic field.
states [32] . In the setups we studied, the one-electron system has only one low lying resonant state for B = 0, which have been studied in Ref. [26] . We first intend to clarify some issues, namely if a separable ansatz, like the one in Eq. (5), could provide an accurate value for the lowest eigenvalue of the Hamiltonian and what physical traits of the three-dimensional problem are well described by the one-dimensional one. The eigenvalue problems in this section, and in the whole work, were solved implementing a high-precision variational approach using basis functions known as Bsplines. The B-spline functions can be used efficiently in calculations of multivariable problems like two-electron atomic systems or two-dimensional systems [30] . Every particular problem, i.e., one-or two-electron in one or three dimensions, needs a specific basis set suitable to it that has the proper symmetries and boundary conditions. In Appendix A we describe the basis sets used in the problems of the present and the following sections. Figure 2 shows the lowest approximate energies of the one-electron problem as functions of the magnetic field strength. For illustrative purposes we use an effective mass m ⋆ = 0.041m e corresponding to Ga 0.47 In 0.53 As, a commonly used material to define quantum dots inside a GaAs matrix [31] . The quantum dot chosen parameters are a ρ = 7 nm, a z = 7 nm, b z = 2.5 nm, V 1 = 0.37 eV , V 0 = 0.10884 eV . There are, at least, two salient features in the curves shown. First, the lowest eigenvalue crosses the energy of the lowest Landau level (the red dashed line) for a critical field B c ≈ 17T . Second, above the lowest Landau level (LLL), the density of states shows a remarkable increase, pointing to the existence of a threshold. In Ref. [26] these features were analysed thoroughly. Here, we include the spectrum to point that in the presence of the magnetic field the energy of the LLL is the threshold that separates the bound isolated 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field7 state from the continuum of extended ones, simply because the energy of the electron far away from the quantum dot is ω. In other words, the magnetic field strength B ⋆ where the lowest eigenvalue E 0 (B ⋆ ) crosses the LLL signals the resonance binding. If one analyses the behaviour of the lowest energy for decreasing field strengths, then the energy of the resonance for B < B ⋆ is the analytical continuation of the lowest eigenvalue when it enters into the continuum. Inversely, for increasing field strength, the resonance mean lifetime diverges at B = B ⋆ and becomes a stable bound state for B > B ⋆ . That is, for our setup with no bound states at B = 0, the presence of an isolated eigenvalue below the threshold is more than enough to mark the binding of a resonance and is the signal that we will be looking for when we deal with the two electron problem. Nevertheless, there are several other ways to identify the binding scenario besides the calculation of the resonance width (using, for example, exterior complex scaling [32] ). In Ref [26] the fidelity [33] and the localisation probability were also used.
We are interested in resolving for which cases the strong lateral confinement gives a good approximation of the ground state wave function. In order to do this we analyse the purity [34] , the von Neumann entropy and the radial density. The purity and the von Neumann entropy are commonly used to asses if a given quantum state is pure of mixed. Here we are dealing, so far, with the one-electron problem, and thus the partition of the system is made on the coordinates.
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Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field8 where ρ 1 is the reduced density operator, and the purity is the sum of its eigenvalues squared. The von Neumann entropy is also defined by the reduced density operator by
From the variational eigenfunction that corresponds to the lowest eigenvalue, ψ v (ρ, z), two reduced density operators can be obtained
and
In Appendix A it is shown how to calculate these quantities, reduced density operators, purity and von Neumann entropy, using a variational wave function. The operators δ(z, z ′ ) and δ(ρ, ρ ′ ) are different but both have the same spectrum, as it is for any bipartite pure state. This means that the information content obtained from the reduced density matrix in the coordinate z is the same as the one obtained from the reduced density matrix in the coordinate ρ. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field9 ⋆ the wave function ψ v is a product of two functions that depend, separately, on the coordinates ρ and z
For large enough values of B the wave function becomes, again, a product of two functions, one that depends only on ρ and the other one only on z. There is an intermediate region where a separable function like Eq. (12) is a poor approximation to ψ v . Figure 3 (b) shows the radial density for different values of the magnetic field strength, as functions of the radial coordinate. Again, the transition from extended states to localised ones is manifested, in this case by the abrupt change in the shape of the functions. Furthermore, for values of B < B ⋆ the shape of the radial density is quite similar to the radial density of the Landau Level, while for values of B B ⋆ the shape of radial density looks like the radial density of the exact wave function of a two-dimensional well, V 2D , with parameters equal to the ones on the three-dimensional one
If we increase the field even further, B ≫ B ⋆ , we recover again the LLL shape and the radial density is again dominated by the field because the Landau radius is smaller than a ρ .
The findings described above leads us to study different approaches for the longitudinal eigenvalue problem
where R(ρ) is some normalised function. The analysis of the data in Figures 2 and 3 suggests two possible choices, R(ρ) = ψ 2D (ρ) (see Appendix B) and
The potential in the longitudinal Hamiltonian, Eq. (14), is constructed in terms of the chosen radial function
where
The spectrum of the longitudinal Hamiltonian is also calculated numerically using a variational approach that employs B-spline functions. A c c e p t e d M a n u s c r i p t Figure 4 . (a) Lowest eigenvalue obtained for the one-particle three-dimensional problem (blue solid), for the longitudinal problem defined using R(ρ) = ψ 2D (ρ) (green solid) and for the one defined using R(ρ) = ψ LLL (ρ) (red solid). The black dashed line is ω. (b) Expectation value of the absolute value of the z-coordinate for the one-particle three-dimensional problem (blue solid) and for the longitudinal problem defined using R(ρ) = ψ LLL (ρ) (red solid).
Figure 4 (a) shows the lowest eigenvalue obtained for the one-particle threedimensional problem (blue solid line), for the longitudinal problem defined using R(ρ) = ψ 2D (ρ) (green solid line) and for the one defined using R(ρ) = ψ LLL (ρ) (red solid line), in all cases as a function of the magnetic field strength. The ground state energy for the Landau levels corresponds to the black dashed line. It is clear that each approximation has its advantages and disadvantages. The longitudinal problem constructed using ψ 2D (ρ) gives a very good approximation to the critical field where the binding happens, and from ≈ 20T up to ≈ 45T it also gives a better approximation to the eigenvalue of the three-dimensional problem. On the other hand, the curve does not show any change in its behaviour near the threshold, so without further information this approach does not offer a way to identify that the eigenvalue has crossed the binding threshold.
The lowest eigenvalue, E LL gs , obtained using lateral confinement approximation with the LLL as a lateral wave function, shows a well defined change in its behaviour. If B
30T , E LL gs follows closely the energy of the LLL, E LLL , for B > 30T it is always smaller than E LLL , and for large enough values of B, both curves become parallel. So, the qualitative behaviour is correct, but the upper bound to the binding field B ⋆ is not close to the 3D estimation (an error of ≈ 15T ).
The change in the shape of the wave function for B values below or above the binding field is depicted in figure 4 (b) . The expectation value of |z| clearly shows that the state is localised inside the quantum dot for fields above the binding one.
From what has been stated in the previous paragraphs, it is clear that it is necessary to modify the way in which the strong lateral confinement approximation is made, 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field11 so the resulting longitudinal problem is able to provide a good approximation of the lowest three-dimensional eigenvalue before and after the binding takes place. But before introducing such modification (section 4), we want to discuss the meaning of the lowest eigenvalue of the longitudinal problem obtained for B < B ⋆ using R(ρ) = ψ 2D (ρ). One of the basic assumptions that support our work is that the energy of the localised state that appears below the threshold, in our case the energy of the LLL, is the analytical continuation of the complex energy of resonance state. So, it is reasonable to think that choosing ψ 2D (ρ) as the radial wave function in the lateral confinement approximation, we could get a good approximation to the real part of the resonance state energy in the continuum region. Figure 5 (a) shows the lowest eigenvalue for the longitudinal problem defined by ψ 2D (ρ) (green solid line), the first two Landau levels with null angular momentum and data calculated using a high-precision variational complex exterior scaling (black dots), see References [26, 35] . The basis set used to obtain the data shown as dots had up to 3600 functions. The agreement between the energies obtained using the two methods is surprisingly good taking into account the quite different amounts of numerical work involved in one method and the other. The energy difference between the two sets of data is due to the approximation in the longitudinal approach in which we assume a separable wave function in the coordinates for a correlated three-dimensional Hamiltonian.
As was stated before, the longitudinal problem defined by the radial function ψ 2D (ρ) gives a good approximation of the real part of the resonance energy in the continuum region, but the lowest eigenvalue of this problem does not show any change in its behaviour revealing the binding phenomenon. However, the longitudinal problem A c c e p t e d M a n u s c r i p t with ψ LLL (ρ) as radial wave function does it (the derivative of the eigenvalue shows a discontinuity), so it is possible to obtain the imaginary part of the resonance energy, or width of the resonance state, applying the exterior complex scaling method [32] . This method consist in rotating the coordinate outside a given length, z 0 , into the complex plane
where θ is the rotation angle and we choose z 0 as the coordinate where the confinement potential become null, in our case this value is z 0 = 5 nm. With this choice only the kinetic term of the Hamiltonian is rotated in the complex plane. The resonance width obtained following the prescription described above is shown in Figure 5 (b), where it can be observed that the width of the resonance goes to zero when the magnetic field strength increases. The width values shown in the figure are consistent with those obtained using other method [26] , despite the simplification imposed by the strong lateral confinement assumption.
One-electron problem: modified lateral confinement method
As shown in Figure 4 , the lowest eigenvalue of the three dimensional problem and the lowest eigenvalue of the longitudinal problem defined by ψ LLL (ρ) behave similarly for small or very large fields strengths. So, it is tempting to modify the procedure to obtain a better one-dimensional approximation when the radial function is ψ LLL (ρ).
The main reason to maintain ψ LLL (ρ) as the radial wave function is that, as Bednarek et al. [29] have shown, it provides a systematic way to deal with the Coulomb repulsion between electrons. Based on the results of [26] , concerning the expectation value of the coordinate z and the probability of localisation, we can assure that the bound isolated state is localised inside the potential well. Moreover, since the radial densities shown in figure 3(b) , for B > B ⋆ , show no contribution outside the well radius, we can assume that the density over the barrier is also radially confined. Then, in the longitudinal approximation, we propose that the one-dimensional potential is given by Figure 6 shows the lowest eigenvalue, as functions of the magnetic field strength, for different configurations of the potential. The eigenvalues were calculated for the full three-dimensional problem (solid lines) and for the one-dimensional Hamiltonian Eq. (14) (empty symbols).
The agreement between both sets of eigenvalues is remarkable, and the approximation seems to work very well for a broad set of parameters, mainly for potential wells such that a ρ a z . Here we want to point that there is a drawback in this approach, 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field13 Figure 6 . Lowest eigenvalue for the three-dimensional one electron problem (solid line) and the corresponding lowest eigenvalue for the effective one-dimensional problem within the modified lateral confinement approximation (empty circle). The height of the barrier and the deep of the well are the same as 4, the with of the barrier is b z = 2.5 nm. The data in black is for a ρ = a z = 5 nm, the red data is for a ρ = a z = 6 nm, the green data is for a ρ = a z = 7 nm and the blue data is for a ρ = a z = 7.5 nm.
the modification of the potential barrier results in a non-variational approximation for the eigenvalues, so the eigenvalues obtained with the Hamiltonian in Eq. (14) can be, near the threshold, larger or smaller than their three-dimensional counterparts. Despite this, since it is the best available one-dimensional approximation we will use it to study the binding of two interacting electrons in the same potential well.
Two-electron problem
One of the advantages of assuming a separable wave function as in Eq. (5) is evidenced when the effective interaction is calculated. Specifically, using for the confinement function
where φ 0 is some radial function that can be chosen at convenience. Since we are interested in the singlet spin configuration, the spatial wave function must be totally symmetric under particle exchange. Because R ⊥ (ρ 1 , ρ 2 ) is symmetric, we compute only the symmetrised solutions ψ(z 1 , z 2 ). Since the effective one-dimensional interaction, W ef f (z 1 , z 2 ), is defined as A c c e p t e d M a n u s c r i p t
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where W (1, 2) is the full three-dimensional interaction between the electrons, it is clear that only a handful of choices for φ 0 result in an analytical expression for the effective interaction. Fortunately, this is the case when φ 0 = ψ LLL and the interaction is given by the Yukawa (or Coulomb screened potential) potential
Here α is a constant and the, more usual, Coulomb potential case is obtained taking the limit α → 0. Using the Fourier transform expressions of Eqs. (20) and (22), and after some algebra, it is shown that
where erf (x) is the error function [36] ,
see Ref. [29] for more details.
In the Coulomb case (α = 0), the asymptotic limits of V ef f can be obtained straightforwardly. For
and, for x −→ 0,
Clearly the Coulomb limit is obtained for x → ∞ and, more interestingly, the x → 0 relates the inverse transversal size l with the contact value (z 1 = z 2 ) of the potential. Given the asymptotic limits of V ef f , Eqs. (25) and (26), it is customary in setups that produce almost one-dimensional behaviour [37, 38] or strong lateral confinement [39] , to use the following interaction potential
where η and d are constants. It is clear that the potential in Eq. (27) has the same asymptotic behaviour than V ef f . The short distance cutoff d is chosen to be much smaller than the characteristic confinement length of the system [38] , in particular we take d = 0.1 nm since in our setups a ρ , a z ≈ 10 nm. Summing up, after all the consideration made, the two-particle one-dimensional Hamiltonian can be written as 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t where V long (z) has been defined previously, Eq. (19), and there are two possible choices to the interaction term, one is
and the other one is
In typical semiconductors the Coulomb repulsion energy between two electrons confined in a region with a characteristic length of 10 nm is on the order of 5 meV . Accordingly, we chose η values in the order of 0.01 nm eV . Figure 7 (a) shows the lowest eigenvalue calculated for the two-particle Hamiltonian, Eq. (28), with the effective Coulomb potential, Eq. (29), while figure 7(b) shows the eigenvalue calculated with the interaction term given by Eq. (30) . Both panels in figure 7 show the binding threshold as a black dashed line. They always are defined as the ground state energy of the one-electron system. For B < B ⋆ it is defined by twice the LLL energy 2 ω. For B > B ⋆ the system binds one electron to the quantum dot and then the threshold can be written as ω + E 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field16 Figure 8 . The purity and the von Neumann entropy, panels (a) and (b) respectively, for the two-electron rectified model. The colour scheme corresponds to the data shown in figure 7(b) . (a) The purity p ≈ 1 when the state is localised and its value drops more or less abruptly when the energy eigenvalue become equal to the one-electron binding threshold. The peak that can be observed around B ≈ 10T manifests that the eigenvalue has a value equal to energy of the LLL for that field. (b) The von Neumann entropy shows a behaviour complementary to the observed by the purity, when the state is localised the von Neumann entropy value is quite small, it grows abruptly when the magnetic field strength decreases and the energy eigenvalue crosses the localisation threshold.
The localisation process of the lowest two-electron state involves the crossing of two thresholds by its energy eigenvalue when the magnetic field is increased: one is the LLL energy and the other is the one-electron binding energy. These crossings are manifested by the behaviour of the von Neumann entropy and the purity of the corresponding state. In figure 8 it is shown the behaviour of both quantities as functions of the magnetic field strength B, for the rectified model. Figure 8 employs the same colouring convention that is used in figure 7 and the von Neumann entropy is calculated tracing out one particle of the two-particle density matrix. Figure 8(a) shows that for a given value of the parameter η, for instance η = 0.01, p ≈ for small fields, around B ≈ 10T it shows a well defined peak, it becomes again approximately equal to one half and then it grows abruptly up to p ≈ 1. The peak precedes the value of B ⋆ where the energy eigenvalue (shown in figure 7(b) ) crosses the energy of the LLL, while the abrupt growing starts exactly where it crosses the one-electron binding energy. For smaller values of η, like η = 0.001, the peak and the abrupt growing overlap and the peak disappears. This is attributed the weak interaction between the electrons since the localisation of both of them occurs at B ⋆ and then is driven by the one electron properties. The von Neumann entropy, as shown in figure 8(b) , provides a complementary description of the binding process. When the state is localised the von Neumann entropy is very small, while for extended states its value is close to the unity. Again, near B ≈ 10T there is a change on its behaviour attributable to the closeness between the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field17 two-electron energy eigenvalue and the energy of the LLL.
Conclusions and discussion
Tuning the energy of a resonance state in nanostructures can lead to a better performance of the task for what the underlying device was built for, or, what is even more interesting, to widen the functionalities of the device. Here we show that the magnetic field confinement allows binding and localisation of one-and two-electron resonances in cylindrical semiconductor quantum dots, a change in the nature of the states (from metastable to bound) that strongly affects, for example, the optical properties.
Previous studies in atoms [15] and in quantum dots [20, 26] pointed that, in the case of bound states, there is a localisation phenomenon along the magnetic field axis and also that the binding energy of the state is an increasing function of the magnetic field strength. In the case of shape resonances of one electron systems, they were shown to become more stable for increasing field strengths and eventually become bound after a critical field. Here we point that two-electron resonances show also localisation and binding in quantum dots, and that both increase with the field strength.
The two-electron system, in distinction to the one-electron case, can have different thresholds because the one-electron system can have resonance binding as well. The resonances that become bound for increasing magnetic fields may cross the one-or zero-electron threshold, according to the strength of the electron-electron interaction. However, we note that the crossing of the zero-electron threshold can occur only at the same critical field B ⋆ as the one-electron case, because the electron-electron interaction is repulsive. This allows much more richer tuning possibilities, as the near threshold behaviour of the two-electron system is expected to be quite different for the two scenarios. For example, the two-electron wave function is expected to maintain localisation as it approaches the one-electron threshold, but it may not be the case if it crosses the zero-electron threshold. Further work on this area is needed to answer this question, that can certainly influence, for example, the optical properties of the quantum dot.
We implemented a simple and tractable approximation based on effective potentials to solve the one-electron problem. The scheme, based on geometrical considerations, leads to good approximations to the exact three-dimensional energies in the resonance and bound regions. We found that, the binding critical field B
⋆ is properly described if we limit the whole potential felt by the electron to only the region where its wave function is expected to be different from zero. These simplifications allows to construct a simple effective model for the two-electron case that shows the correct qualitative resonance binding phenomena.
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Binding of two-electron metastable states in semiconductor quantum dots under a magnetic field18 sizes and materials there is a host of bound states inside the dot at zero field, which makes the resonance binding scenario more difficult to analyse. To achieve our scenario, where is no bound states at zero field, the radius of the quantum dot should be strongly reduced, from 20 nm to ≈ 1 nm, but this increases the critical field necessary to bind the resonance. This can be avoided either by using different materials or using electrostatic gates to enhance the barrier heights. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t
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For the problem of one electron in the strong lateral confinement approximation the chosen basis functions are,
whereĈ i is the normalisation constant. In this case we use the same knot distribution and the same interval as the used for the z coordinate in the three-dimensional problem. Finally, for the two-electron problem within the lateral confinement approximation we solve the eigenvalue problem for symmetric states, so the matrix element of the Hamiltonian, Eq. (6), are calculated in the basis,
where z j is the coordinate of the electron j = 1, 2. Here we use, again, a exponential distribution for the knots, but the limits of the interval are Z max = −Z min = 1000 nm, in this way we ensure that the wave function satisfy the boundary condition. Now we focus on how to calculate the purity and the von Neumann entropy when the wave function was obtained using the variational method. The following applies either for the one-electron three-dimensional problem and for the two-electron one-dimensional problem.
For a bipartite pure quantum state, |Ψ(1, 2) , the purity and the von Neumann entropy are given by
where ρ 1 = Tr 2 (|Ψ(1, 2) Ψ(1, 2)|, is the reduced density operator. It is important to note that the purity is related to the linear entropy, defined by S L = 1 − Tr(ρ 2 1 ) = 1 − p. With this relation, the information obtained from the purity is the same that the obtained from the linear entropy, for example, a pure quantum states has p = 1 and S L = 0.
One way to evaluate the quantities in Eqs. (A.6), is using the eigenvalues of the reduced density operator, in which case the purity and von Neumann entropy are p = n λ 2 n , S vN = − n λ n log 2 (λ n ) .
(A.7)
The eigenvalues of the reduced density operator can be obtained numerically using the variational approach. To do this, it is necessary to evaluate the matrix element of each operator in a particular basis, for example, the B-splines functions.
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where φ For this case, we have chosen the B-splines as basis to evaluate the matrix element of the reduced density operator, i.e., ξ n (z) =Ĉ n B n (z). With this basis the Eq. (A.11) can be re-written in terms of the elements of the superposition matrix of the B-splines. Once the matrix representation of the reduced density operator is made, the eigenvalues can be obtained using numerical algorithms.
For the others cases studied in this work, the procedure to obtain the eigenvalues of the corresponding density operator is analogous, the only difference in each case is how the separation is made. In the case of the one-electron three dimensional problem the separations is made in the coordinate meanwhile in the two-electron one-dimensional case the separation is made in the particle. Defining ε = 2m
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